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Abstract: Loss of stability of thin-walled structural elements of aircraft is the most common type of
destruction. In this work, the definition of the critical velocity of a pressure wave moving over the
surface of an acclivous, ribbed cylindrical shell, which is the most common design element of all
aviation and rocket systems, is considered. The article takes into account the discreteness of the location
of stiffeners (stringers), in contrast to other works, where ribbing is taken into account only within the
framework of a constructive orthotropic model. In the quasi-static formulation, the problem of the
stability of a shallow shell with a discrete arrangement of stringers under the action of a moving radial
load has been solved. The range of critical speeds of movement of the load is defined. An example is
considered.
Key Words: flat shell, discrete location of the ribs, mobile radial load, quasi-static solution, critical
speed, loss of stability.

1. INTRODUCTION
Discretely supported thin shells are the main structural element of all aircraft without
exception. During their operation, the aircraft lining under the action of loads of different
nature can lose stability. To combat this phenomenon, thin cladding shells are supported by
discretely standing force elements such as stringers, which leads to an increase in critical loads
and ultimately to an extension of the service life of the aircraft. A peculiar and specific type
of loading of an aircraft is the action of a pressure wave, which is usually simulated by moving
loads. In the proposed work, unlike in others, the problem is solved by taking into account the
discreteness of the location of the stringers and analyzing effect of these elements on the
critical speed of the moving load for various forms of loss of stability.

2. METHODOLOGY
The proposed method of solution is based on the use of generalized functions and the quasistatic hypothesis of deformation of the structure, according to which the perturbed state of the
shell depends only on the spatial coordinates and does not depend on time. The main idea of
the solution is the harmonic combination of the Bubnov method, which reduces the solution
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of differential equations to solving linear algebraic ones, with the approach of Leonard Euler
to finding the eigenvalues of the problem, identified in this case with critical velocities of the
load. Thanks to this approach, it was possible to obtain formulas for critical velocities in a
closed form.

3. RESULTS
Consider a gentle panel of a cylindrical shell, referred to a curved orthogonal coordinate
system Oxyz, in which a row of elastic one-dimensional reinforcing elements is located parallel
to the x axis. Figure 1 conditionally shows only one stringer.

Figure 1 ‒ Panel of discretely supported cylindrical shell under the action of a moving load

In this figure, the infinite uniform inertial load of intensity p moving at constant speed V
is conventionally shown as linear forces distributed along a line perpendicular to the x axis. In
solving the problem, we neglect the mass and inertia of motion of the actual elements of the
structure. We consider its deformed state to be quasi-static, in which the curved surface of the
shell w(x, y) does not depend on time. The moving load element for the time interval t will
pass the path x = Vt, and the total gravitational and inertial load developed by it in the normal
to the shell surface direction is defined by the formula [1], [2], [3], [4], [5], [6], [7], [8], [9],
[10], [11], [12], [13], [14], [15], [16], [17], [18], [19], [20], [21], [22], [23], [24], [25], [26],
[27], [28]:
𝑝𝑝 −

𝑝𝑝 𝜕𝜕 2 𝑤𝑤
𝑝𝑝 2 𝜕𝜕 2 𝑤𝑤
=
𝑝𝑝
−
𝑉𝑉
𝑔𝑔 𝜕𝜕𝑡𝑡 2
𝑔𝑔
𝜕𝜕𝑥𝑥 2

(1)

To solve the problem, we mentally separate the stringers from the shell and replace their
effect with unknown contact reactions normal to its surface. 𝑞𝑞𝑖𝑖 (𝑥𝑥) distributed along the line
of contact of bodies in the middle surface of the panel.
Since the rigidity of the shell in the tangential directions is much greater than in the radial,
then the tangential components of the forces of interaction in the direction of the x and y axes
are further neglected. To describe the dynamic deformed state of the shell, we use its mixedform equations for the radial displacement (deflection) w and stress functions F based on
hypotheses of the technical theory of shells [29]. In the considered case of quasi-static
deformation of the shell, taking into account the action of contact reactions 𝑞𝑞𝑖𝑖 (𝑥𝑥) they take the
form
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−
𝑉𝑉
− � 𝑞𝑞𝑖𝑖 𝛿𝛿(𝑦𝑦 − 𝑦𝑦𝑖𝑖 )
ℎ
𝑅𝑅 𝜕𝜕𝑥𝑥 2 ℎ 𝑔𝑔ℎ
𝜕𝜕𝑥𝑥 2
1 2 2
1 𝜕𝜕 2 𝑤𝑤
𝛻𝛻 𝛻𝛻 𝐹𝐹 +
=0
𝐸𝐸
𝑅𝑅 𝜕𝜕𝑥𝑥 2

(2)

𝑖𝑖=1

(3)

where 𝛻𝛻 2 is the Laplace operator, D and h are the cylindrical rigidity and shell thickness,
respectively, g is the gravitational acceleration, C is the number of stringers, and the delta is
the Dirac functions 𝛿𝛿(𝑦𝑦 − 𝑦𝑦𝑖𝑖 ) that set the coordinates of their location 𝑦𝑦𝑖𝑖 along the y axis. Each
of the stringers is referred to the rectangular coordinate system 0xz (Figure 1). The equation
of its equilibrium in the projection on the z axis has the form:
𝑑𝑑4 𝑧𝑧𝑖𝑖
(4)
= 𝑞𝑞𝑖𝑖 (𝑖𝑖 = 1,2, … 𝐶𝐶 )
𝑑𝑑𝑥𝑥 4
where 𝐸𝐸𝐸𝐸𝑖𝑖 and 𝑧𝑧𝑖𝑖 are their flexural rigidity and deflection of stringers, respectively. On each of
the contact lines, the condition of equal deflection of both bodies is satisfied. 𝑤𝑤(𝑥𝑥, 𝑦𝑦𝑖𝑖 ) = 𝑧𝑧𝑖𝑖 ,
but at the same time we believe that the deformed state of the shell caused by neighboring
contact reactions do not interfere with each other. Then substituting contact reactions 𝑞𝑞𝑖𝑖 from
(4) to the equation of bending of the shell (1) we obtain the resolving system of equations
𝐸𝐸𝐽𝐽𝑖𝑖

𝐶𝐶
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𝜕𝜕 4 𝑤𝑤
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𝛻𝛻 𝛻𝛻 𝑤𝑤 −
+
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−
𝑦𝑦
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=
,
𝑖𝑖
𝑖𝑖
ℎ
𝑅𝑅 𝜕𝜕𝑥𝑥 2 𝑔𝑔ℎ
𝜕𝜕𝑥𝑥 2
𝜕𝜕𝑥𝑥 4
ℎ

(5)

𝑖𝑖

1 2 2
1 𝜕𝜕 2 𝑤𝑤
(6)
𝛻𝛻 𝛻𝛻 𝐹𝐹 +
=0
𝐸𝐸
𝑅𝑅 𝜕𝜕𝑥𝑥 2
Equations (5, 6) are a system of two partial differential equations with coefficients that
are discontinuous in the y coordinate, which is due to the presence in the equation (5) of the
Dirac delta functions defining the position of stringers on the shell surface. In addition to these
equations, the speed of movement of the load V is included as a parameter. For their
approximate solution, we use the Bubnov method, in accordance with which we represent the
deflection of the shell w and the stress function F as expansions
𝐾𝐾

𝐿𝐿

𝑚𝑚

𝑛𝑛

𝑤𝑤 = � � 𝑤𝑤𝑚𝑚𝑚𝑚 𝜙𝜙𝑚𝑚𝑚𝑚 (𝑥𝑥, 𝑦𝑦) ,

𝐾𝐾

𝐿𝐿

𝑚𝑚

𝑛𝑛

𝐹𝐹 = � � 𝐹𝐹𝑚𝑚𝑚𝑚 𝜓𝜓𝑚𝑚𝑚𝑚 (𝑥𝑥, 𝑦𝑦)

(7)

where 𝑤𝑤𝑚𝑚𝑚𝑚 and 𝐹𝐹𝑚𝑚𝑚𝑚 ‒ unknown coefficients, 𝜙𝜙𝑚𝑚𝑚𝑚 (𝑥𝑥, 𝑦𝑦) and 𝜓𝜓𝑚𝑚𝑚𝑚 (𝑥𝑥, 𝑦𝑦) ‒ orthogonal forms of
natural oscillations of a smooth shell panel. Applying the procedure of the Bubnov method to
equations (4), we obtain a system of related linear algebraic equations of order 2 × 𝐾𝐾 × 𝐿𝐿
relative to unknown coefficients 𝑤𝑤𝑚𝑚𝑚𝑚 and 𝐹𝐹𝑚𝑚𝑚𝑚 in expansions (7). However, algebraic
equations corresponding to the second of relations (5, 6), due to the orthogonality of the
coordinate functions in expansions (7), decompose into separate independent equations for
each pair of values m and n. Let's express 𝐹𝐹𝑚𝑚𝑚𝑚 through 𝑤𝑤𝑚𝑚𝑚𝑚 . Taking this into account, after a
series of transformations, the first equations (5, 6) in the matrix form of the record take the
form

where

�[𝐾𝐾] − 𝑉𝑉 2 [𝑀𝑀]�{𝑊𝑊} = {Р}

(8)
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(9)

The dimension of the stiffness matrices K, masses M and the vectors W and P is
determined by the number of terms of the series stored in the decomposition (9). The elements
of the matrices K, M and the vector F have the form
𝑘𝑘𝑘𝑘
𝑘𝑘𝑚𝑚𝑚𝑚

𝜕𝜕 2 𝜑𝜑𝑚𝑚𝑚𝑚
𝜕𝜕 2 𝜓𝜓𝑚𝑚𝑚𝑚
𝜓𝜓𝑘𝑘𝑘𝑘 𝑑𝑑𝑑𝑑 ⋅ ∫𝑆𝑆
𝜑𝜑𝑘𝑘𝑘𝑘 𝑑𝑑𝑑𝑑
∫𝑆𝑆
𝐷𝐷
𝐸𝐸
2
𝜕𝜕𝑥𝑥
𝜕𝜕𝑥𝑥 2
= � 𝛻𝛻 2 𝛻𝛻 2 𝜑𝜑𝑚𝑚𝑚𝑚 ⋅ 𝜑𝜑𝑘𝑘𝑘𝑘 𝑑𝑑𝑑𝑑 + 2
ℎ 𝑆𝑆
𝑅𝑅
∫𝑆𝑆 𝛻𝛻 2 𝛻𝛻 2 𝜓𝜓𝑚𝑚𝑚𝑚 ⋅ 𝜓𝜓𝑚𝑚𝑚𝑚 𝑑𝑑𝑑𝑑
𝐶𝐶

𝜕𝜕 4 𝜑𝜑𝑚𝑚𝑚𝑚
+ � 𝐸𝐸𝐽𝐽𝑖𝑖 � 𝛿𝛿(𝑦𝑦 − 𝑦𝑦𝑖𝑖 )
𝜑𝜑𝑘𝑘𝑘𝑘 𝑑𝑑𝑑𝑑,
𝜕𝜕𝑥𝑥 4
𝑆𝑆
𝑖𝑖=1

𝑘𝑘𝑘𝑘
𝑚𝑚𝑚𝑚𝑚𝑚
=

𝑝𝑝
𝜕𝜕 2 𝜑𝜑𝑚𝑚𝑚𝑚
��
𝜑𝜑𝑘𝑘𝑘𝑘 𝑑𝑑𝑑𝑑�
𝑔𝑔 𝑆𝑆 𝜕𝜕𝑥𝑥 2

𝑝𝑝𝑘𝑘𝑘𝑘 =

𝑝𝑝
�𝜑𝜑 𝑑𝑑𝑑𝑑
ℎ𝑔𝑔 𝑆𝑆 𝑘𝑘𝑘𝑘

(10)

(11)

(12)

The stiffness matrix K has a block diagonal character, since the Dirac delta functions are
located only on the y axis. In addition, in each of its blocks, the first two terms in the stiffness
𝑘𝑘𝑘𝑘
coefficient 𝑘𝑘𝑚𝑚𝑚𝑚
and all the mass coefficients are diagonal. For a given load velocity V, the
solution of the coupled system of equations (8, 9) is carried out using conventional methods.
If at some values of the velocity V, the deflection of the shell begins to increase indefinitely,
then this means that we are approaching its critical value, at which a loss of stability of the
ribbed panel occurs. If we additionally assume that the gravitational component of the load p
is small compared to the inertial one, then the lower part of the spectrum of critical velocities
can be found from the condition of equality to zero of the determinant of the system of
equations (8, 9)
det|𝐾𝐾 − 𝑉𝑉 2 𝑀𝑀| = 0

(13)

Example. Let the shell be supported by one stringer along the y axis (𝑦𝑦1 = 0) (Figure 1).
In the first approximation, we use the simplified approach based on the one-term
approximation in series (7) for arbitrary wave numbers m and n. We believe that all the edges
of the shell panel have free support on flexible inextensible ribs, and they can deform about
the y axis (Figure 1) either symmetrically or anti-symmetrically. In the case of symmetric
deformation, the approximating function in expansions (7) is taken in the form (14a), and in
the case of antisymmetric, in the form (14b)
𝜑𝜑𝑚𝑚𝑚𝑚 = 𝜓𝜓𝑚𝑚𝑚𝑚 = sin 𝜇𝜇𝑚𝑚 𝑥𝑥 cos 𝜆𝜆𝑛𝑛 𝑦𝑦
𝜑𝜑𝑚𝑚𝑚𝑚 = 𝜓𝜓𝑚𝑚𝑚𝑚 = sin 𝜇𝜇𝑚𝑚 𝑥𝑥 sin 𝜆𝜆𝑛𝑛 𝑦𝑦

(14a)
(14b)

where 𝜇𝜇𝑚𝑚 = 𝑚𝑚𝑚𝑚/𝑙𝑙, 𝜆𝜆𝑛𝑛 = 𝑛𝑛𝑛𝑛/𝑘𝑘𝑘𝑘, (k = 2 or k = 1 for symmetric or antisymmetric deformation
of the shell, respectively).In both cases, the square of the critical velocity of the movement of
the form 𝑚𝑚 × 𝑛𝑛 is determined by formula (15) obtained in accordance with condition (13).
2
𝑉𝑉𝐾𝐾𝐾𝐾
=

4
𝑔𝑔
𝐸𝐸ℎ
𝜇𝜇𝑚𝑚
2
2
2 2
4
�𝐷𝐷(𝜇𝜇
+
𝜆𝜆
)
+
+ 𝐸𝐸𝐸𝐸𝜇𝜇𝑚𝑚
�
𝑚𝑚
𝑛𝑛
2
2
2
2
2
𝑅𝑅 (𝜇𝜇𝑚𝑚 + 𝜆𝜆𝑛𝑛 )
𝑎𝑎
𝑝𝑝𝜇𝜇𝑚𝑚
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The first term from formula (15) is corresponding to the critical velocity for a smooth
plate completely coincides with the velocity value from the book [30]. From the point of view
of practical applications, the minimum critical speed is most important, which is probably
realized with the simplest form of loss of stability, m = n = 1 in formula (15).The shell has the
following dimensionless parameters: 𝑙𝑙 ⁄𝑅𝑅 = 2, 𝑎𝑎⁄𝑅𝑅 = 0.5, 𝜈𝜈 = 0.3. Figure 2 shows the
2
2∗
dependence of the dimensionless critical velocity of the load. 𝑉𝑉𝐾𝐾𝐾𝐾
= 𝑉𝑉КР
𝑝𝑝/𝑔𝑔ℎ𝐸𝐸 on the relative
thickness of the shell 𝑅𝑅/ℎ with dimensionless moment of inertia stringer 𝐽𝐽⁄ℎ4 = 103 . Curve
1 corresponds to symmetric deformations of the panel, and curve 2 ‒ antisymmetric ones. The
2∗
for a smooth shell without a stringer in case of symmetric
dashed line shows dependency 𝑉𝑉𝐾𝐾𝐾𝐾
deformation of the panel. Curves 1 and 2 confirm the fact that critical loads with an
antisymmetric form of loss of stability are lower than with symmetric ones, and the presence
of even one stringer dramatically increases the critical speed of the load.

Figure 2 ‒ The dependence of the critical velocity on the shell thickness

4. CONCLUSIONS
The work proposes an original method for determining the critical velocity of a pressure wave
moving over the surface of a acclivous panel of an aircraft discretely supported by a stringer
system. Formulas for determining the critical velocities for different (symmetric and
antisymmetric) forms of loss of stability were obtained, and parametric studies were carried
out. The obtained formulas make it possible to find the critical loads, both for the lowest and
for the highest forms of loss of stability. The influence of the number and bending stiffness of
stringers on the critical velocities was analyzed. It was shown that with decreasing shell
thickness, critical speeds drop sharply, and the antisymmetric form of buckling is more
dangerous than symmetric one.
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Let's understand curves of static stability of a vessel.Â Having discussed the basics of intact stability of surface ships, we are now at a
stage to analyze the same. The easiest and handiest tool for analysing a surface shipâ€™s stability, is by graphs or curves. In fact, a
ship designer or an officer on-board should be able to know the stability characteristics of a ship just by looking at the curves.Â This
varying nature of CG makes it difficult for the designer to assume the loading conditions at which GZ curves should be obtained,
because different values of KG (vertical centre of gravity) would result in different metacentric heights (GM), and since righting lever
(GZ) is directly related to GM, the stability curves for each of the loading condition would be different. Therefore, the main goal of the
work is to study the quasi-static stability of the ribbed shell, which is af- fected by the mobile load. For a full study, the work was based
on methods of analysis, review, modeling, experiment, comparison. All of them allowed to decompose the investigated prob- lem into
elements and accordingly study each of them. As a result, the authors in a quasistatic formulation solved the problem of the stability of a
shallow shell with a discrete arrangement of stiffeners under the action of a moving linear radial load. In this case, the spectrum of the
critical velocit Negative static stability Finally, an aircraft that has negative static stability tends to continue moving away from its original
attitude when it's disturbed. For example, if you hit turbulence and your nose pitches up, and then immediately continues pitching up,
you're airplane has negative static stability. For most aircraft, this is a very undesirable thing. Dynamic Stability. Now that you have static
stability down, let's go over the really fun one: dynamic stability. Dynamic stability is how an airplane responds over time to a
disturbance. And it's probably no surprise that there are thr Of interacting with mobile load. Boris A. Antuev1 Â§, Elena L. Kuznetsova2,
Alexander L. Medvedskiy3, Lev N. Rabinskiy4. 1,2,3,4Department of Material Sciences Moscow Aviation Institute.Â Therefore, the main
goal of the work is to study the quasi-static stability of the ribbed shell, which is af-fected by the mobile load. For a full study, the work
was based on methods of analysis, review, modeling, experiment, comparison. All of them allowed to decompose the investigated problem into elements and accordingly study each of them.Â The analogy method was used to study the stability properties of the ribbed
shell under dierent moving loads. Based on these data, quasistatic stability was studied. Static Stability of a Shell. Central Square
Element of Non-homogeneity. Central Cross Addition of Non-homogeneity.Â Synchronization, Chaos, and Quasi-Periodicity. Static
Bifurcations and Catastrophe Theory. ``Wrinkle-Type'' Catastrophe or a Limit Point.Â Stability loss of homogeneous shells subjected to
an action of transversal loads is rigorously studied in Sect. 4.11. Chapter 5 concerns stability of closed cylindrical shells subjected to an
axially non-symmetrical load action. In the beginning (Sect. 5.1), equations of motion are derived, and then the inuence of imperfections
on shell stability is stud-ied.

Of interacting with mobile load. Boris A. Antuev1 Â§, Elena L. Kuznetsova2, Alexander L. Medvedskiy3, Lev N. Rabinskiy4.
1,2,3,4Department of Material Sciences Moscow Aviation Institute.Â Therefore, the main goal of the work is to study the quasi-static
stability of the ribbed shell, which is af-fected by the mobile load. For a full study, the work was based on methods of analysis, review,
modeling, experiment, comparison. All of them allowed to decompose the investigated prob-lem into elements and accordingly study
each of them.Â The analogy method was used to study the stability properties of the ribbed shell under dierent moving loads. Based on
these data, quasistatic stability was studied. Worse still, some or all of these reasons may occur at the same time, such as the use of a
neural network model with uncalibrated predicted probabilities on an imbalanced classification problem. As such, there is often the need
to change the default decision threshold when interpreting the predictions of a model. â€¦ almost all classifiers generate positive or
negative predictions by applying a threshold to a score. The choice of this threshold will have an impact in the trade-offs of positive and
negative errors. â€” Page 53, Learning from Imbalanced Data Sets, 2018. Want to Get Started With Imbalance Classification? Take my
free 7-day email crash course now (with sample code). Static Stability of a Shell. Central Square Element of Non-homogeneity. Central
Cross Addition of Non-homogeneity.Â Synchronization, Chaos, and Quasi-Periodicity. Static Bifurcations and Catastrophe Theory.
``Wrinkle-Type'' Catastrophe or a Limit Point.Â Stability loss of homogeneous shells subjected to an action of transversal loads is
rigorously studied in Sect. 4.11. Chapter 5 concerns stability of closed cylindrical shells subjected to an axially non-symmetrical load
action. In the beginning (Sect. 5.1), equations of motion are derived, and then the inuence of imperfections on shell stability is stud-ied.
In quasi-static loading, the fundamental assumption is that the loading is applied so slowly (very low frequency when compared to that of
the structure) that basically the structure deforms in a static manner and inertia effects are neglected. This is not the case in dynamic
analysis where inertia forces are not small enough to be neglected.

